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1 Introduction

Since the introduction of ARCH models by Engle (1982), there has been a veritable explosion
of papers analyzing models of changing volatility. A survey paper by Bollerslev, Chou, and
Kroner (1992) lists more than 100 papers on this subject. Some of the more popular variants
of models of changing volatility have proved to be various forms of GARCH models. In these
models, the volatility process is time varying and is modeled to be dependent upon both the
past volatility and past innovations. These models have been used in many applications of

stock return data, interest rate data, foreign exchange data etc.

In this paper, we focus upon one aspect of GARCH models, namely, their ability to deliver
volatility forecasts. In other words, these models are useful not only for modeling the historical
process of volatility but also in giving us multi-period ahead forecasts. These forecasts are,
of course, of great value in applications to stock return data (portfolio allocation, dynamic
optimization, option pricing etc.). We evaluate the performance of these models in terms of
their ability to give adequate forecasts. One traditional difficulty in constructing these tests
is that the volatility process is inherently unobservable. We surmount this problem by using
a proxy of monthly volatility calculated using daily data. Since our alternative measure of
volatility is essentially model free and is estimated using higher frequency data, we have more
faith in the reliability of these volatility estimates. Various specifications for the mean equation
and variance equation are entertained. We perform both in-sample and out-of-sample tests on

these GARCH specifications.

The overall result is that GARCH models are unable to capture entirely the variation
in volatility. A regression of volatility estimates from GARCH models on (our proxy of)
actual volatility produces R? of usually below 8%. However, on a positive note, the GARCH
predictions of volatility usually (approximately 50% of the time on monthly frequency) lie
within the confidence intervals of our proxy of actual volatility implying that GARCH models
are not wholly inadequate measures of actual volatility. An interesting by-product of this
investigation is the resolution of a puzzling feature of traditional asset pricing tests whereby the
correlation between returns and volatility is usually found to be insignificantly positive in spite
of strong theoretical reasons to expect a strong relation. Theoretical models such as Merton

(1973) predict a positive correlation between expected volatility and stock returns. We confirm



the findings of French, Schwert, and Stambaugh (1987) who find a significantly negative relation
between unexpected volatility and asset returns. Finally, out-of-sample tests seem to indicate
that a simpler ARMA model on our measure of volatility performs better than the GARCH
model, albeit statistically insignificantly so. Robustness checks using intraday data suggest
that our results are not dependent on our choice of frequency of data. In other words, simple
volatility measures calculated using high frequency data are as good, if not better, proxies for

actual volatility than more sophisticated measures constructed using GARCH models.

This paper focuses only on GARCH models for changing volatility. Alternative models of
stochastic volatility such as models of stochastic volatility or implied volatility models from
option pricing are not at debate here. In addition, various other measures of volatility based
on volume, price range have been proposed in the literature. For instance, Alizadeh, Brandt,
and Diebold (1999) focus on volatility obtained from price range which they find has close to
Gaussian properties making it preferable to use than traditional estimators like the squared
returns or the absolute returns. An interesting extension of this paper might be to run a horse

race between these alternative models of changing volatility.

Our work is closely related to the recent work done by Andersen and Bollerslev (1998) and
Andersen, Bollerslev, Diebold, and Ebens (1999). These papers show that the traditional tests
of various volatility models which rely on ex-post squared returns as the realized volatility (see,
for instance, Pagan and Schwert (1990)) are unreliable as squared (or absolute) returns are
a very noisy (although an unbiased) estimate of volatility. The authors go on to recommend
the use of high frequency data in volatility estimation in the same spirit as our paper. Our
paper distinguishes itself from the other work in clearly demonstrating the weaknesses of various

GARCH models and in its focus on testing the asset pricing implication of volatility forecasts.!

The rest of this paper is organized as follows. Section 2 briefly discusses the data. In-sample
tests are conducted in Section 3 while out-of-sample performance is analyzed in Section 4. A

few robustness checks are done in Section 5. Section 6 concludes.

'Note that we rely on high frequency data to calculate alternative measures of volatility only. This is different
in focus from Andersen and Bollerslev (1997a) who show that GARCH models estimated on high frequency

data can display different characterstics than GARCH models estimated on low frequency data.



2 Data and Method

The data used in this paper are the daily and monthly series of the CRSP value weighted
returns (including dividends) from July 1962 to December 1998. During this period, the
average monthly return was 1.1% with a maximum of 16.6% and a minimum of -22.5%. The
standard deviation calculated from monthly returns was 4.4%. We also compute a time series
of volatility over the same period. Although volatility is inherently unobservable, we proxy for
it by computing a measure of volatility by using daily returns. Since July 1962, CRSP has also
provided a daily series of returns. We use the intra-month variance of the returns to proxy for

the variance in that month. Specifically, monthly variance is calculated using the equation
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where N; is the number of trading days in month ¢ and r;; is the return on the ¢th day of month
t. The second term accounts for the autocorrelation observed in daily returns (Autocorrelation
in daily returns from 07/03/1962 to 12/31/1998 is 0.176). This correction is used by French,
Schwert, and Stambaugh (1987).2 Figure 1 shows a plot of the realized returns and our proxy

for the monthly standard deviation.

[Insert Figure 1: Realized Returns and Standard Deviation]

Clearly volatility shows a substantial time variation. The mean of our proxy of standard
deviation is 4.33% which is slightly less than the standard deviation of 4.37% computed using
only monthly returns. This is another illustration of the well known instance of variance ratios

failing to reject the null of random walk for stock returns.?

One immediate issue that arises is how good a proxy of actual volatility do we have.* One
should realize that both the measures of volatility considered in this paper (viz. our measure
and the GARCH measure) are sample estimates of actual volatility. We are aware of the
sampling error being made in treating our measure as the benchmark actual volatility. We

feel that our measure is a better proxy for actual volatility for four main reasons. First, it is

2Similar to Schwert (1989, 1990), we find that modifications to this definition, such as including the mean

term and/or excluding the autocorrelation term, do not change the results.
3See Lo and MacKinlay (1988, 1989) for further details on variance ratio tests.
1 thank Prof. Richard Roll for the following discussion.



well known that estimate of second moment becomes more precise as the sampling frequency
is increased. As first noted by Merton (1980), if an asset follows a geometric Brownian motion,
its volatility can be estimated arbitrarily accurately if the frequency of sample is high enough.
Nelson (1990a) has proved a similar property under some additional restrictions in models
of changing volatility. Second, various models of changing volatility like stochastic volatility
models or GARCH models are essentially filtering processes that make use of the information
in the entire estimation period to produce volatility estimates at one particular point in time.
If the volatility is changing over time, it seems reasonable to assume that an estimate that
relies on only limited sample time would be more “true” proxy of actual volatility.> Third,
casual observation suggests that in the months where we see widely different returns are the
months where volatility is the highest. Calculating volatility using daily data captures this
aspect of data reasonably well whereas this feature is lost by estimating GARCH models on
monthly frequency.® Finally, under the assumption of Gaussian errors, the standard error of
our estimate of variance is 20%/(NN;y — 1), where N; is the total number of observations and
o is the actual standard deviation. Assuming a sample estimate of 5% for monthly standard
deviation estimated using 21 days during the month, the 95% confidence interval for standard
deviation is [3.5% 6.6%]. We will show later that not only is this range usually smaller than
the deviation between the GARCH estimates and our proxy of actual volatility but also the
confidence intervals of GARCH estimated of volatility are much wider. All these reasons make

us comfortable in using volatility from equation (1) as a reasonable proxy for actual volatility.”

SChristoffersen and Diebold (1997) and Andersen, Bollerslev, Diebold, and Ebens (1999) make related points

about our measure of volatility being more reliable as it is essentially model free.
6Section 5 shows that our results are not dependent on our choice of monthly versus daily frequency.
"As suggested by one of the referees, another heuristic way of checking the reasonableness of volatility

obtained from equation (1) is to conduct the following Monte Carlo experiment. Assume that the true underlying
process for daily returns is a GARCH process. The parameters for the daily process are calibrated to match
US data. Using this simulated data, two estimates of variance are obtained. One, according to equation (1)
and second, based on GARCH estimates on monthly data. The next issue is that of a benchmark. While
aggregation results for GARCH models are difficult to obtain, we consider a simple benchmark. Each month’s
actual volatility is taken to be the sum of daily volatilities from the generated data. The exercise is done for
438 months with 20 days in each month. For each iteration, we then run a OLS regression of actual volatility on
the two estimates of volatility. The exercise is repeated 5000 times. The average R? of the regression of actual
volatility on estimates from equation (1) is 87% while the average R? of the regression of actual volatility on
GARCH estimates is only 28%. This lends further credence to our belief that volatility estimates from higher

frequency data are more reliable than the more sophisticated GARCH estimates.



3 In-Sample Tests

In this section we evaluate various GARCH models in terms of their in-sample performance.
Subsection 3.1 carries out tests for simpler GARCH model with different mean specifications
while subsection 3.2 carries out these tests for other volatility specifications. Recognizing recent
evidence on stock return predictability, we subject these models to further robustness checks

by introducing instrumental variables in subsection 3.3.

3.1 Different Mean Specifications

We begin by evaluating the simpler GARCH models first introduced by Bollerslev (1986).

Volatility, hy, is assumed to evolve according to the equation

he =1 + Y2 i1 +y3 €24 (2)

We entertain various specifications for the mean equation.® All these specifications are

nested in the equation

re=p+oh +¢ (3)

The traditional GARCH-M model sets p = 1 which corresponds to expected returns being
proportional to variance of the returns. Specification involving the standard deviation (p = 0.5)
has also been found to be statistically significant. Exclusion of y corresponds to an exact form
of asset pricing restriction in the spirit of Merton (1973). The results of the estimation are

presented in Table 1.

[Insert Table 1: Estimation of GARCH Models with Different Mean Specifications]

Panel A of Table 1 presents the results of Quasi-Maximum-Likelihood Estimation. Two
types of t-statistics are reported. The numbers in (parenthesis) are calculated using the outer
product of the scores of the likelihood function. To account for departures from normality,

another variance-covariance matrix is estimated along the lines of Bollerslev and Wooldridge

8 ARCH-M models were first introduced by Engle, Lilien, and Robins (1987).



9 The results are, for the most

(1992) and these robust t-statistics are reported in [brackets].
part, as expected. The volatility process is highly persistent with 75 close to 0.87 (corresponding
to a half life of approximately 5 months) and an extremely significant t-statistic. Sum of v, and
73 is close (but not equal) to 1.0 which suggests that the volatility process might be integrated.
Such a specification, however, is not entertained in this paper.! Somewhat disconcerting,
although not surprising in the light of previous research, is the fact that the § coefficient is
usually insignificant whenever estimated along with pu. On the basis of just the estimation

results of Panel A, there seems to be little to choose between the variance specification (p = 1)

and standard deviation specification (p = 0.5).!

Some diagnostic information on the estimation is presented in Panel B of the same table.
The first six columns give descriptive statistics on the standardized residuals €;/v/h;. Although
the standard deviation of these residuals is close to 1.0 (as it should be), other descriptive sta-
tistics illustrate some of the deficiencies of the GARCH model. In all cases, the mean of the
residuals is negative (although statistically insignificantly different from 0.0). The residuals
display statistically significant negative skewness and excess kurtosis.'? Bollerslev (1987) has
proposed a model with ¢-distributed error terms which is useful in accounting for excess con-
ditional kurtosis but introduces additional complexity of estimating the degrees of freedom for
the t-distribution. The mean of the estimated volatility process, however, compares favorably
with the unconditional variance (19.27) of the returns. Also the Ljung-Box statistic for the
standardized residuals is always less than the 95% critical value of 21.03 suggesting that there
is not much autocorrelation in the returns. Similarly, the Ljung-Box statistic for the squared
residuals is not significant suggesting that GARCH(1,1) model is an adequate description of
the volatility process and no higher lags are needed to capture the autocorrelation. The likeli-
hood values are similar across models once we include the term involving 6. As we are unable

to establish the superiority of standard deviation model over the variance model, we choose to

Tt is well known that the likelihood function for models of changing volatility is close to flat near the optimum.
In this situation, analytical derivatives prove to be superior to numerical derivatives. At the same time, one of
the main advantages of Bollerslev and Wooldridge (1992) standard errors is that it requires calculation of only

first derivatives. See Appendix B for details on the construction of these standard errors.
198ee Nelson (1990b) for stationarity properties of GARCH(1,1) processes.
\Models M6 and M7 in Table 1 do seem to suggest that p is closer to 1.0 than to 0.5. However, the standard

error associated with the estimated p is large to preclude any statistically meaningful conclusions.
12T large samples of normally distributed data, estimators of skewness and kurtosis have means of 0 and 3

and variances of 6/T and 24/T respectively. T=438 for our sample.



work with the more traditional variance model in out-of-sample tests done in Section 4.

One of the by products of this estimation is a time series of the one period ahead forecasts of
the volatility. As mentioned in the introduction, one of the objectives of the various GARCH
models is to provide good estimates of volatility which can then be used for a variety of
purposes including portfolio allocation, performance measurement, option valuation etc. One
of the problems with measuring the accuracy of these forecasts (and indeed one of the reasons
why GARCH models are so popular) is that volatility is inherently unobservable. We bypass

this problem of unobservability by using our proxy of volatility (equation (1)).

[Insert Table 2: Performance of GARCH Models with Different Mean Specification]

We evaluate the performance of the GARCH models in Table 2. This table reports two
sets of regressions. The first regression is simply to check the ability of predicted volatility
from GARCH models (denoted by h;) to forecast the actual volatility (02). Specifically the

following regression is estimated

a?:a—l—bht—l—ut (4)

A good forecast should have the properties : @ = 0, b = 1 and a high R?. This equation
is estimated using the usual OLS procedure and White’s (1980) heteroskedasticity consistent
t-statistics are given below the coefficient estimates in brackets. We see that the GARCH
models satisfy two of the desirable properties viz. a is insignificantly different from 0 and b
is insignificantly different from 1. However, the R? of the regression never rises above 5%.
It is worth exploring the cause of this. In Figure 2, we plot the actual versus the predicted
standard deviation from the simplest GARCH-M model (model M2 in Table 1). It is clear
from the figure that while \/h; does a good job of tracking oy, it is much less variable and
is unable to capture entirely the variation in actual volatility. But we advocate caution in
interpreting this figure. As we emphasized in Section 2, both our measure of volatility (c7)
and the GARCH volatility (h:) are subject to estimation error. The confidence intervals of

these measure are plotted in Figure 3.!3 From this figure, we see that the GARCH estimate

13Confidence intervals of o7 is estimated using the asymptotically approximate standard error of 207 /N¢, where
N; is the number of observations (days in the month) used to construct o7. Note that this is an approximation

as we ignore the correction of autocorrelation term in the standard error.



lies within the confidence intervals in 50% of the observations. At the same time, the GARCH
estimate (h;) is also subject to sampling error because the parameters of the volatility equation
are estimated with error.' As is evident from the figure, the sampling error in these parameter
estimates makes the confidence interval for the GARCH volatility rather wide. The conclusion
we would draw from these two figures is twofold. First, both o7 and h; are beset by problems of
sampling error. However, the confidence intervals of o7 are smaller. Second, although casual

empiricism would advocate the use of o7, on statistical grounds, it is difficult to gauge the

(un)reasonableness of GARCH models.

[Insert Figure 2: Actual and Predicted Standard Deviation]

[Insert Figure 3: Confidence Intervals of Volatility Estimates]

One of the puzzling features of the GARCH-M models is that the empirically estimated
relation between returns and volatility (the 0 parameter in Equation (3)) is insignificant (see
Scruggs (1998)). At first sight, this is surprising because the ICAPM model of Merton (1973)
predicts a positive correlation between these two variables (See Appendix A for a brief overview
of Merton’s asset pricing model). However, one should be careful in interpreting the theoretical

evidence. Merton’s model predicts a positive relation between expected volatility and expected

' Constructing confidence intervals for GARCH volatility estimates is a non-trivial exercise. This is easily

seen in the context of the simplest GARCH volatility equation
he = v1 + y2he—1 + Ya€r—1

Our estimation gives us estimates 71, y2 and 3. These are, of course, asymptotically normally distributed with
a covariance matrix given by the inverse of the information matrix from the likelihood function. The issue is
that h¢ is not observed and has to be computed recursively. This implies that h: for all ¢ > 1 has a non-standard
distribution and, therefore, it becomes hard to figure out the appropriate size of the interval. In this paper, we
adopt a slightly ad-hoc approach. In particular, the upper tail of the confidence interval is constructed using
the upper limits of the confidence intervals of parameters (7’s) and using the same series recusrively in the

volatility equation. In other words, the upper tail of the forecast (hy') is constructed as
hi =3 +35hiy + 45

where the superscipt u denotes the upper limit of the confidence interval for the v parameters. The delta method
is equivalent to the above exercise because the equation for h; is linear in 7’s and therefore the whole covariance

matrix of v parameters is not required.



stock returns. However, GARCH models estimate an essentially predictive regression as hy is
a predetermined variable. In fact as French, Schwert, and Stambaugh (1987) point out, a
stronger test of the asset pricing relation can be carried out by including the unexpected

change in volatility in the return equation. This is done via the equation
— -2 2 _ 2
re=c+do; +e(of —67) +uy (5)
where 67 is the (expected) actual volatility obtained from equation (4).

The expected sign of coefficient e is negative. The intuition is simple. If there is a negative
shock in period t — 1, this raises upward the predicted volatility h;. At the same time, this
raises the expected discount rate for future periods as discount rate is positively related to
the risk. In absence of any correlation with the cash flows, an increase in the discount rate
would reduce the stock price. This induces a negative relation between current returns and
the unexpected change in volatility. Equation (5) is estimated using weighted least squares
(WLS) as the innovations are highly heteroskedastic. We use the actual standard deviation oy
as weights for estimation purposes. The results are completely in accord with the intuition.

The coefficient e is significantly negative with t-statistic close to -2.7.

The lessons from Table 2 are twofold. One, the estimates of volatility obtained from
GARCH models are inadequate in capturing the entire variation in the actual volatility of
returns although they seem to lie within the confidence intervals for our other measure of
volatility. Second asset pricing tests embedded in GARCH models are misspecified as they
deal with predetermined rather than contemporaneous variables. Once cognizance is taken
of this fact, we get the expected statistically significant negative relation between unexpected

stock volatility and stock returns.

3.2 Different Volatility Specifications

In this subsection we go on to explore other specifications of volatility process. We restrict

our attention to three of the most popular specifications. The first one is exponential GARCH



(EGARCH) introduced by Nelson (1991) which parameterizes the volatility process as

€t—1 ‘Et—l‘ ’€t—1’
log hy = 71 +2log hi1+ 13 + 4 -E| —=
v hi—1 Vi1 V-1
€r—1 let—1 2
= m+elog hh—1+73 + 7 -1/ = (6)
t—1 Vi1 ”]

This specification has two main advantages. First, it allows h; to respond asymmetrically to
positive and negative shocks €;_1. Second, because of the exponential specification, there are

no non-negativity constraints of the v parameters.

The second specification we explore is the asymmetric GARCH (AGARCH) model of Engle
and Ng (1993).15 The volatility equation is

hy =1 + y2hi—1 +y3(ei—1 + 74)? (7)

The parameter -4 is typically negative and thus AGARCH model also allows for asymmetric

response of volatility to positive and negative shocks.

The final specification is due to Glosten, Jagannathan, and Runkle (1993). This model

(which we name as GJRGARCH ) specifies the volatility process as
he = Y1 +Y2ht—1 + 7361 + 7S, 1611 (8)

where S,_; = 1if ¢_1 < 0 and 0 otherwise. Engle and Ng (1993) find that this is the best

parametric model in explaining Japanese stock return data.

In the remaining part of this section, we explore the properties of the four models given
in equations (2), (6), (7) and (8). The estimation results for these four models of volatility
and two different specifications for return equation are given in Table 3. The first two rows
of Table 3 repeat the first two rows of Table 1. As before, ¢-statistics calculated from the
outer product of the score are given in (parenthesis) while Bollerslev and Wooldridge (1992)

t-statistics are given in [brackets].

[Insert Table 3: Estimation of GARCH Models with Different Volatility Specifications]

5Engle and Ng (1993) credit a 1990 paper by Robert F. Engle as having introduced the AGARCH model.

However, the citation is unfortunately missing from the reference list.
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In Table 3, 3 is significantly negative and 4 is significantly positive for EGARCH models.
Moreover the likelihood value is higher than that of GARCH (see the last column in Panel B)
suggesting that there is indeed an asymmetric response of shocks to volatility and the EGARCH
model does a good job of capturing this asymmetry. The coefficients of the AGARCH model
are also as expected, with ~4 significantly negative. However, the estimates from GJRGARCH
model are surprising. The coefficient =3 is close to zero suggesting that only the negative
innovations have an impact on volatility. While the possibility of this being a local (rather
than a global) maximum cannot be completely ruled out, nevertheless this hugely asymmetric
behavior where only the negative shocks effect the volatility is interesting. The implications of

this finding are left for a future study.

A noteworthy feature of the estimation is the absence of a significant relation between return
and volatility (¢-statistic of § is always below 1.64). Further diagnostics of this estimation are
presented in Panel B. We see again that the standardized residuals are negatively skewed and
display excess kurtosis. On the basis of the log likelihood value, the EGARCH model seems

to be superior to all other models.

[Insert Table 4: Performance of GARCH Models with Different Volatility Specification]

In Table 4, we repeat the exercise of evaluating these different models in terms of their
ability to deliver forecasts of volatility. As before, the volatility estimates from the various
GARCH models are much less variable than the actual volatility but do a reasonable job of
tracking the actual volatility (coefficient b is close to 1.0). In asset pricing tests involving the
predicted and actual volatility, coefficient e is significantly negative. On the whole, different
GARCH specifications of the volatility process seem unable to produce good forecasts of actual

volatility.

3.3 Instrumental Variables

In recent years, there has been a huge literature documenting evidence in favor of predictability

of asset returns.'® Of the various instruments that have been proved to have some forecasting

For a partial list see Fama and French (1988, 1989), Ferson (1989), Ferson and Harvey (1991), Harvey
(1989), and Keim and Stambaugh (1986).
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ability, we choose the three most significant: the dividend yield, the term premium and the
default premium. The dividend yield (“Dvy”) is the monthly dividend yield on the CRSP
value weighted index. The term premium (“Term”) is defined as the difference between 10
year Treasury bond yield and 3 month Treasury bill yield. The default premium (“Def”)
is defined as the difference in yields between BAA and AAA rated corporate bonds. The
source for “Term” and “Def” is Citibase. Summary statistics on these instruments are given

in Table 5.

[Insert Table 5: Summary Statistics of Instruments]

As shown in this table, all three instrumental variable are highly persistent though not so
highly cross-correlated. The Ljung-Box statistic is extremely significant at any conventional
level of significance. Moreover, the Augmented Dickey-Fuller statistic is strongly consistent
with the presence of a unit root in the dividend yield series and close to unit root in the other
two variables. To convert these series into stationary series, the procedure employed by Lamont
(1998) is used. Specifically, the variables are stochastically detrended by subtracting a prior 12
month moving average. As the last three columns of Panel A show, this is sufficient to remove

the evidence of unit roots although the detrended variables still remain highly autocorrelated.'”

[Insert Table 6: OLS Regression of Stock Returns on Instrumental Variables]

Table 6 presents some preliminary OLS regressions of stock returns on the stochastically
detrended instruments. The adjusted R? is quite meagre (less than 2%). This might either
be because these instruments have low predictive power at monthly frequency or it might be
because these variable have lost their forecasting ability in the 1990’s. The residuals from
the regression show negative skewness and excess kurtosis. So we also present two sets of
t-statistics. One in parenthesis are normal OLS ¢-statistics and the one in brackets are Newey-
West’s t-statistics correcting for autocorrelation and heteroskedasticity. From these results, it
appears that the only variable with significant predictive ability is the default premium. We

continue to use all the three instrumental variables in GARCH estimations to follow.

17 An unfortunate side effect of this transformation is that the time series of “Def” is close to zero. It is

therefore multiplied by 100 in all the following regressions to bring it to the same scale as the other variables.

12



In our next set of GARCH estimations, we introduce these instrumental variables in the
mean equation.'® The results of this estimation are presented in Table 7. The performance
evaluation is done in Table 8. We limit our discussion of these tables just to note that all
the results are virtually unchanged. The risk premium ¢ is insignificant, predicted volatility
hy is unable to capture the variation of actual volatility o7 and the re-estimated asset pricing
tests show the expected negative relation between the stock returns and the unpredictable

component of volatility.

[Insert Table 7: Estimation of GARCH Models with Instrumental Variables]

[Insert Table 8: Performance of Various GARCH Models with Instrumental Variables]

4 Out-of-Sample Tests

Until this point, the focus of our tests has been in-sample performance. However, a market
participant does not have the benefit of foresight. He can make forecasts conditional only upon
the historical information. In a related setting, out-of-sample performance of mean predictabil-
ity has been found to be poor even if the models exhibited good in-sample performance.'® In

this section, we evaluate GARCH models in terms of their out-of-sample performance.

For brevity, we concentrate only on the GARCH-M model.?® We can report that results
for other GARCH models are qualitatively the same. We construct out-of-sample forecasts by

using the following procedure.?!’ We allow an initial period of estimation before constructing

18 An alternative approach would be to make the risk premium parameter § dependent on these instrumental
variables. For further details on this approach, see Chou, Engle, and Kane (1992), De Santis and Gerard (1997),

Dumas and Solnik (1995), Ferson and Harvey (1999), and Harvey (1991).
19See Bossaerts and Hillion (1999), Goyal and Welch (1999), and Pesaran and Timmerman (1995).
20 An exponentially weighted moving average of squared returns (integrated GARCH) is quite popular amongst

practitioners, most notably RiskMetrics, for forecasting. The forecasts obtained from this model are however,
very similar in properties to those obtained from the GARCH model and are therefore not explored in great

detail in this paper.
2LOur focus is only on one step ahead forecasts of conditional variance. Moreover, we realize that each forecast

is subject to uncertainty and has an associated forecast interval. We ignore the variance of these forecasts and
instead choose to work with a time series of one step ahead forecasts. See Baillie and Bollerslev (1992) for

analytical expressions of s-step ahead forecasts from GARCH and ARMA models.
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any forecast. Thus our first forecast is for period January 1975 even though the sample period
starts in July 1962. For each forecast period u, we run a regression for ¢ = 1..u — 1 of the

following GARCH-M model

re = pt+dhte

he = M+ 72kt + 736 9)
The forecast for period w is then given by
hu =1+ Y2hu-1 + 73651 (10)

In other words, our forecasts are obtained by recursively estimating the GARCH model by
expanding the estimation window one period at each iteration.?? This gives us a time series
u =January 1975 ... December 1998 of out-of-sample forecasts from GARCH model. The
proxy for actual volatility is again taken to be the monthly standard deviation calculated from

daily data using equation (1).

To benchmark this forecast against an alternative, we choose a simple ARMA model?® on

the realized volatility.
(1 —61L)o7 = ¢ + (1 + 1L + o L*)uy (11)
where L is the lag operator.

Fitting the entire data from July 1962 to December 1998, we find that there is little to
choose between ARMA(1,2) and ARMA(2,1) models on the basis of Akaike and Schwarz criteria
and therefore decide for the ARMA(1,2) since a similar specification has been previously used
by French, Schwert, and Stambaugh (1987). The sample estimates for the entire period (with

White’s heteroskedasticity consistent ¢-statistics in parenthesis) are

(1— 0.765 L) 07 = 4.409 + (1 —0.625 L + 0.011 L?) u,

(9.256) (=6.077)  (0.180) (12)

Note that it appears that the AR roots and the MA roots are close to being equal and to

canceling each other. If this were truly the case, then we know that the coefficients cannot be

22Note that the standard error of the estimated parameters is ignored in these calculations.
ZNote that the ARMA model has statistical properties which are very close to those obtained from (1). In

this case, of course, (1) is estimated using daily data whereas the ARMA model is estimated on monthly data. It

is unclear how a daily ARMA would aggregate to monthly frequency and this issue is left for future exploration.
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identified and a white noise will do as well. However, a Wald test for the sum of AR and MA
coefficients being equal to zero is overwhelmingly rejected (x? statistic of 9.98 with a p-value

of less than 0.1%).

Repeating the procedure of recursive estimation, for ¢t = 1..u — 1, we estimate the following

model
(1—01L)of = ¢ + (1 + g1 L+ ¢ L)y (13)
The forecast for period u is then given by

Go = b0 + 010n_y + (D1 L+ ¢ L?)uy (14)
[Insert Figure 4: Out-of-Sample Forecasts of Standard Deviation]

Figure 4 shows a plot of the actual standard deviation (o) versus the GARCH forecasts
(\/ﬁ—t) and the ARMA forecasts (6¢). It is easy of see that the ARMA forecast seems to
be doing a better job at forecasting the variation in actual volatility. Further evidence is
presented in Table 9. GARCH forecasts errors have a higher mean and a higher standard
deviation than those of ARMA forecast errors. Root mean squared error (RMSE) of the
GARCH forecast at 15.60% is worse than that of the ARMA forecast at 15.22%. To assess the
statistical significance, we use a simple jackknife. We randomly shuffle each of the 287 forecast
errors from the two models and compute a new RMSE difference to simulate a draw from the
null of no difference. This procedure is repeated 100,000 times and the location of actually
observed RMSE difference within this null distribution is reported. The actually observed
RMSE difference of 0.38% lies at the 80th percentile (i.e. at the 20% level on a one-sided test)
implying that although the GARCH forecast does perform worse than the ARMA forecast,

there is no statistical difference between their performance.

[Insert Table 9: Out-of-Sample Performance of GARCH and ARMA Models]

Our out-of-sample exercise has concentrated only on comparing RMSE of forecasts from
alternative models. As has been noted earlier, estimates of volatility are crucial inputs in
portfolio optimization and Value-at-Risk measures. In this paper we are focusing only on

second moments and abstract away from the issue of forecasting the first moments. It is
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interesting to see, however, whether these differences in volatility forecasts lead to economically
significant utility levels.?* A simple calculation (details available upon request) shows that if
we assume CARA utility then the relative utility of two investors with different forecasts for

volatility is given by

where 7 is the average return on stocks, ry is the riskfree rate, and 57 and 53 are the averages
of the two forecasts of volatility. Using the same forecasts as in Table 9, the ratio of expected
utility of an investor forecasting using ARMA model to that of the investor forecasting using
GARCH is obtained as 0.6835,%° which roughly means that expected utility using ARMA is
32% higher than that using GARCH.

5 Robustness Checks

In this section, we perform a few robustness checks. Unreported results show that there is
no significant difference between using the CRSP value weighted returns or the CRSP equal
weighted returns or returns on the S&P500 index. A potentially more damaging issue is the
frequency of data used. It is conceivable that volatility estimated from daily data is more
precise than GARCH volatility estimated from monthly data simply because of the higher
frequency of daily data. While in some respects, this is precisely one of the points of this
paper viz. simple volatility estimates from high frequency data are more reliable than the
more complicated volatility estimates from GARCH, we would still like to confirm that the
results in this paper are not artifacts of the large frequency difference between monthly and

daily data.

We use the intraday exchange rate data for conducting this robustness exercise. Specifically,
the data used is the US Dollar - Deutsch Mark exchange rate data for year 1996 at half hour
intervals. This data is obtained from Olson Associates and has been extensively used previously
(see Andersen and Bollerslev (1997b)). Panel A of Table 10 presents some summary statistics

on the data used. Half-hourly returns are indistinguishable from 0 and are highly correlated at

218ee West, Edison, and Cho (1993) for detailed utility based comparisons of models of exchange rate volatility.
2’Note that since utilities are measured as negative numbers, a ratio of less than 1.0 is favorable for the

numerator investor.
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lags upto 4.2 We then calculate the daily return by compounding the 48 half-hourly returns
for that day. Daily variance is calculated using equation similar to Equation (1) modified to
account for significant correlation at higher lags in the exchange rate data. Specifically, we use

the following equation to estimate the daily volatility?”
N Ny Ny
JtQ = Z Ti2t + 2 Z TitTi1t + 2 Z TitTi—2t (16)
i=1 i=2 i=3

Panel B of Table 10 shows the results of estimating a GARCH model on daily returns of the
exchange rate data. The results are more or less as expected although the ARCH coefficient

of 0.045 is not significant.

[Insert Table 10: GARCH Estimation of Exchange Rate Data]

In Figure 5, we plot the actual daily volatility calculated using Equation (16) and the
volatility process estimated from GARCH model of Panel B of Table 10. We see that Figure 5
looks very much like Figure 2 which leads us to belive that the inability of GARCH models
to predict volatility is not an artefact of the frequency of the data. Moreover, since the daily
volatility is computed using 48 intra-day observations in Equation (16), confidence intervals of
o? are much smaller (not plotted in Figure 5). In this case, we find that the GARCH estimate

of volatility lies within these confidence intervals in only 11% of the cases.

[Insert Figure 5: Actual and Predicted Standard Deviation from GARCH Estimation of Exchange Rate
Data]

6 Conclusion

In this paper, we have focused on only one aspect of GARCH models, namely their ability to
deliver one period ahead forecasts of volatility. We have compared these forecasts to a proxy of

actual volatility calculated using daily stock returns and have found that the volatility series

26Under the assumption of iid samples, the standard error of autocorrelation coefficients is 1/v/T.
2TTable 10 shows that autocorrelations of intraday returns are significant at lags upto 4. However, we use

only two lags in estimating the daily volatility. Moreover, we make no adjustment for the mean return. These

modifications, however, produce no substantial changes in the results.
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obtained from GARCH models is too smooth to capture the entire variation in actual volatil-
ity. We have demonstrated that this result is not an artifact of our choice of monthly/daily
frequency but is quite independent of the frequency chosen. However, one cannot wholly reject
the GARCH models in favor of our measure of volatility as the GARCH volatility frequently

lies within the confidence interval of our other measure.

Alternative estimates of volatility, such as stochastic volatility estimates or implied volatil-
ity estimates, are not at debate in this paper. For example, a recent paper by Christensen
and Prabhala (1998) suggests that implied volatility embedded in option prices has better
forecasting ability than has been previously assumed in literature. One extension of this paper

could be to analyze how well does implied volatility predict the actual volatility.

An obvious issue at this stage is that if GARCH forecasts are not adequate, what do we
use as an alternative? Preliminary evidence presented in the section on out-of-sample tests

indicates that simpler ARMA specifications do a good job of predicting future volatility.
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Appendices

A Asset Pricing

Assume that we have N assets with excess returns 7. Let the first two moments of these assets

be given by

w= E[r], Y = var|[7] (A1)

Assuming a representative agent economy, it follows from Merton’ intertemporal consumption-
investment model (see Merton (1973)), that the optimal holdings («) in these risky assets are
given by

J’ _1
_WJ”Z

o =

p (A2)

where the subscripts refer to the partial derivatives of the J(W) value function and W is the

level of wealth. Rearranging the terms in this equation, we get

uw=AX«x (A.3)
where A = — V[{,‘,] " is the market price of risk. Premultiplying the above equation by o/, we get
i = Ac?, (A.4)

where j1,, and o2, are respectively the expected return and the variance on the market.

The above was a model with time invariant parameters. Introducing time varying moments

imposes no additional difficulty and we write the full model as

Tmt+l = Mt + €41

= Aoy, + e (A.5)
where /.,Lm7t = Et[”:m,t—i—l]a J?%l,t = Val't[’l:m7t+1] and gt-i—l‘ft ~ N(O, J?%L,t)'

Thus Merton’s model predicts a positive relation between expected volatility and returns.
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B Bollerslev and Wooldridge Standard Errors

All the models in the paper can be nested in the general form of

o= () +e (B-1)

e ~ N(0,h(0)) (B.2)

where 0 is the vector of unknown parameters. The log likelihood function apart from a constant
is given by

1 1 €2 1 1 (ry — pue)?
L(0) = =logh —t = Zlogh -
+(0) 20g t+2ht 20g t+2 ,

T
Lr(0) = > 1L(0) (B.3)
t=1

The score of the likelihood function is

2
s:(0) = Opp e 10h [Et 1}

900 200 B In
T

Sr(6) = Y sil6) (B.4)

t=1

The maximum likelihood estimates 6 are obtained from the equation ST(é) = 0. Bollerslev

and Wooldridge (1992) show that the variance of 0 is given by
var(0) = Ap(6) ' Bp(0)Ar(6)~! (B.5)

where

(o) = QHoml | 10k Oh 1
! 90 90" hy 2 00 96" h?

T
Br(6) = ) si(0)si(0) (B.6)

The rest of this section provides analytical expressions for the derivatives of the mean
equation and the variance equation. Note that these expressions are in the form of difference
equations. In numerical computation, the initial condition is usually set to the unconditional

sample variance.
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